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Abstract 



This paper focuses on the optimal control of weak (i.e. in general non smooth) solutions 
to the continuity equation with non local flow. Our driving examples are a supply chain 
model and an equation for the description of pedestrian flows. To this aim, we prove 
the well posedness of a class of equations comprising these models. In particular, we 
prove the differentiability of solutions with respect to the initial datum and characterize 
its derivative. A necessary condition for the optimality of suitable integral functionals 
then follows. 
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1 Introduction 

We consider the continuity equation in N space dimensions 



with a non local speed function V. This kind of equation appears in numerous examples, a 
first one being the supply chain model introduced in [31 H], where V{p) = v (Jq p{x) dx j . 



Besides, this equation is very similar to that obtained in a kinetic model of traffic, see [J]. 
Another example comes from pedestrian traffic, in which a reasonable model can be based 
on (jl.ip with the functional V{p) = v{p*r]) v{x). Throughout, our assumptions are modeled 
on these examples. 

The first question we address is that of the well posedness of (jl.ip . Indeed, we show in 
Theorem 12.21 that (jl.ip admits a unique local in time solution on a time interval /ex- For 
all t in /ex; ^6 call St the nonlinear local semigroup that associates to the initial condition 
Po the solution StPo of (jl.ip at time t. As in the standard case, St turns out to be non 
expansive. 
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Then, we present a rigorous result on the Gateaux differentiabihty of the map po i— > 
StPo, in any direction and for all t G /ex- Moreover, the Gateaux derivative is uniquely 
characterized as solution to the following linear Cauchy problem, that can be obtained by 
linearising formally (jl.ip : 



The well posedness of (|1.2p is among the results of this paper, see Proposition 12.91 below. 

We stress here the difference with the well known standard (i.e. local) situation: the 
semigroup generated by a conservation law is in general not differentiable in L-*-, not even in 
the scalar ID case, see [9l Section 1]. To cope with these issues, an entirely new differential 
structure was introduced in [S] , and further developed in [HI [TO] , also addressing optimal 
control problems, see [HHl]. We refer to [3 El [22l [281 [29] for further results and discussions 
about the scalar one-dimensional case. The presented theories, however, seem not able to 
yield a ''good" optimality criteria. On the one hand, several results deal only with smooth 
solutions, whereas the rise of discontinuities is typical in conservation laws. On the other 
hand, the mere definition of the shift differential in the scalar ID case takes alone about 
a page, see [HI p. 89-90]. Therefore, in the following we postulate assumptions on the 
function V which are satisfied in the cases of the supply chain model and of the pedestrian 
model, but not for general functions. To be more precise, we essentially require below that 
is a non local function, see (j2.3p . 

Then, based on the differentiability results, we state a necessary optimality condition. 
We introduce a cost function J:C° (^7cx, L^(R^; M)) M and, using the differentiability 
property given above, we find a necessary condition on the initial data po in order to 
minimize J along the solutions to (jl.ip associated to po- 

We emphasize that all this is obtained within the framework of non smooth solutions, 
differently from many results in the current literature that are devoted to differentiabil- 
ity [21], control [18^1191 or optimal control [15j for conservation laws, but limited to smooth 
solutions. Furthermore, we stress that the present necessary conditions are obtained within 
the functional setting typical of scalar conservation laws, i.e. within L"*" and L°°. No re- 
flexivity property is ever used. 

The paper is organized as follows. In Section [21 we state the main results of this paper. 
The differentiability is proved in Theorem 12.111 and applied to a control in supply chain 
management in Theorem 13.21 The sections [3| and [D provide examples of models based 
on p.ip . and in Section [S] we give the detailed proofs of our results. 

2 Notation and Main Results 

2.1 Existence of a Weak Solution to ( 11.11) 

Denote M4. = [0,-|-oo[, = ]0, -|-cxd[ and by /, respectively /=„ or /ex, the interval [0, r[, 
respectively [0,T,.[ or [0,Tex[, for T, T*,rex > 0. Furthermore, we introduce the norms: 

IIvIIloo = sup ||f(x)||, Ibllwi.i = II^IIli + ' 




(1.2) 
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Let y:L-'-(M^;M) C^(M^;M^) be a functional, not necessarily linear. A straightforward 
extension of j25l Definition 1] yields the following definition of weak solutions for (II. ip . 

Definition 2.1 A weak entropy solution to ( li. jj) on /ex "is a bounded measurable map p 
which is a Kruzkov solution to 



dtp + diY [pw{t,x)) =0, where w{t,x) = \^( 
In other words, for all /c G M and for any test function ip S C^{Iex x 1^^; 1^+) 



(p - k)dt^ + {p-k) V{p{t)) (x) • V^if - div [k V{p{t)) {x)j ^ 
X sgn(p — k) dx dt > 

and there exists a set £ of zero measure in such that for all t € /ex \ £ the function p 
is defined almost everywhere in and for any 6 > 

\p{t, x) — po{x)\dx = . 



lim 

t-^o,teisA£ J B{Q,5) 

The open ball in centered at with radius 6 is denoted by -6(0, 6). Introduce the spaces 

A:" = (L^ nL°° nBV)(M^;M) and = (L^ n BV) (M^; [0, a]) for a > 

both equipped with the L-*- distance. Obviously, C L°°(M^;M) for all a > 0. 

We pose the following assumptions on V, all of which are satisfied in the examples on 
supply chain and pedestrian flow as shown in Section [3] and Section HI respectively. 



(VI) There exists a function C £ 



l|V.^(p)Loo 

l|VxV^(/^)Li 

Vl^(p) 



such that for all p € L''"( 



Vip) G L 



,xiV) < C{\\p\ 
?xiV) < C{\\p\ 







< ^^(IIpI 



LOO 

Loo 
Loo 



There exists a function C G LJ^^(M+; M+) such that for ah pi,p2 G L^(]R^, 

ll^(Pl) - ^(P2)||loo(irjv.irjv) < C'(IIPi|Il°°(]R'V.k)) IIpi - P2|lLi(MiV;l 
||Va;l^(pi) - Va,F(p2)||Li(KiV.KiVxJV) < C'dlPl IIl°°(RJV.]k)) \\Pi - P2|1li(RJV;] 

(V2) There exists a function C G Lg^(M+;M+) such that for ah p G 



(2.3) 



VlF(p) 



<C(||p| 



L°°( 



(V3) y:Li(M^;M) ^ 
that for all p G L-*- 



and there exists a function C G LJ^^( 



such 



V^V(p) 



JjVxiVx ATxJV" 



< C'(IIpIIl°°(r^;: 
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Condition (|2.3|) essentially requires that y be a non local operator. Note that (V3) im- 
plies (V2). Existence of a solution to (jl.ip (at least locally in time) can be proved under 
only assumption (VI), see Theorem 12.21 The stronger bounds on V ensure additional 
regularity of the solution which is required later to derive the differentiability properties, 
see Proposition 12. 5[ 

Theorem 2.2 Let (VI) hold. Then, for all a, /? > with (3 > a, there exists a time 
T{a,P) > such that for all po £ Xa, problem admits a unique solution p € 

([0, r(a, /?)]; A"^) in the sense of Definition \2. il Moreover, 

1. \\p{t)\\^oo <f3 for alltG[0,T{a,(3)]. 

2. There exists a function L € LJ^^(M_|_; M_(_) such that for all po^i, Po,2 in X^, the corre- 
sponding solutions satisfy, for all t € [0, T(a,/3)], 

\\pi{t) - P2(i)||Li ^ ^(*) \\Po,i - Po,2||li 

3. There exists a constant C = C{P) such that for all po £ X^, the corresponding solution 
satisfies for all t G [0, T(a, (3)\ 

TV(p(t)) < (TV(po) + £t||po|lLoo)e^* and ||/9(t)||Loo < IIPoIIl- e^* • 

The above result is local in time. Indeed, as t tends to T{a,(3), the total variation of 
the solution may well blow up. To ensure existence globally in time we need to introduce 
additional conditions on V: 

(A) V is such that for all p G L1(R^;M) and ah x G M^, (divF(p)) (x) > 0. 

(B) The function C in (VI) is bounded, i.e. C G L°°(M+;M+). 

Note that in the supply chain model discussed in Section [3l condition (A) applies. 

Lemma 2.3 Assume all assumptions of Theorem \2.2l Let also (A) hold. Then, for all 
a > 0, the set Xa is invariant for kl.l]) . i.e. if the initial datum po satisfies ||po|lLcx)(]jjv.]g) < 
a, then, ||l°c(m'v.k) < a long as the solution p{t) exists. 

Condition (B), although it does not guarantee the boundedness of the solution, does 
ensure the global existence of the solution to p.ip . 

Theorem 2.4 Let (VI) hold. Assume moreover that (A) or (B) holds. Then, there 
exists a unique semigroup S: M+ x X ^ X with the following properties: 

(51) : For all po G X, the orbit t StPo is a weak entropy solution to il.l]) . 

(52) : S is \J- -continuous in time, i.e. for all po G X , the map t ^ StPo is in C^{M.^; X). 

(53) : S is \J- -Lipschitz with respect to the initial datum, i.e. for a suitable positive L G 

L5^^(M+;M+), for all t G M+ and all pi,p2 G X, 

\\StPl - 5'tP2|lLi(MiV;R) < I^it) \\Pl - P2|lLi(]RiV;l;) • 
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(S4): There exists a positive constant C such that for all po ^ X and all t € M+, 

TV {p{t)) < (tV {po) + Ct ||po|lLoo(MiV;M)) . 

Higher regularity of the sokitions of can be proved under stronger bounds on V. 

Proposition 2.5 Let (VI) and (V2) hold. With the same notations as in Theorem\2, 
if Po ^ '^a, then 

Po G (W^'i nL°°)(M^;]R) ^ Vt G [0,T{a,/3)], p{t) G Wi'i(M^;M), 
Po G Wi'°°(M^;M) ^ Vt E [0,r(a,/3)], p{t) G Wi'°°(M^; M) , 



and there exists a positive constant C = C{(3) such that 

||p(*)||wi.i - ^^^^ IIPoIIwi.i 11^1,00 < e^*^* ||po|lwi.°° • 

Furthermore, ifV also satisfies (V3), then 

Po G (w2'inL°°)(M^;[a,/3]) =^ Vt e [0,T{a, (3)], p{t) eW^'^{M^ 
and for a suitable non-negative constant C = C{0), we have the estimate 

IkWllw^a ^ e^*(2e^*-l)2||p,||^,,,. 
The proofs are deferred to Section [5l 

2.2 Differentiability 

This section is devoted to the differentiability of the semigroup S (defined in Theorem 12. 2p 
with respect to the initial datum po, according to the following notion. Recall first the 
following definition. 

Definition 2.6 A map F:Li(M^;M) Li(R^;M) is strongly Gateaux differentiable 
in any direction at po G L-'-(R^; M) if there exists a continuous linear map DF{po): L''"(]R^; M.] 
L-'-(M^;M) such that for all ro G L-'-(M^;R) and for any real sequence {h^) with hn —> 0, 

— (po + — no) {Po)_ n-*oo £)p(^p^'j(^j.^'j strongly in L"*". 

Besides proving the differentiability of the semigroup, we also characterize the differen- 
tial. Formally, a sort of first order expansion of p.ip with respect to the initial datum can 
be obtained through a standard linearization procedure, which yields ()1.2p . Now, we rig- 
orously show that the derivative of the semigroup in the direction is indeed the solution 
to (II. 2p with initial condition Tq. To this aim, we need a forth and final condition on V. 



(V4) V is Frechet differentiable as a map L^(M^;]R+) C^(M^;]R^) and there exists a 
function K e L5^^(]R+;M+) such that for ah p G Li(]R^;M+), for all r G Li(M^;M), 



\V{p + r)-V{p)-DV{p){r)\\^,^^ < K {\\p\\^^ + \\p + r\\^^) \\r\\l, 
\\DV{p){r)\\^,,^ < K(IIpIIloo) llrllLi. 
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Consider now system (|1.2|) . where p G C°(/cx, is a given function. We introduce a notion 
of solution for ()1.2p and give conditions which guarantee the existence of a solution. 

Definition 2.7 Fix G L°°(M^;R). ^ function r G L°° (/ex; L/^cl^^^; ^+)) bounded, 
mesurahle and right continuous in time, is a weak solution to if for any test function 

r+co p 

/ / [r dtip + r a{t, x) ■ Vxf — dwb{t,x)ip\ dx dt = , and 
Jo Jm (2.4) 

r(0) = To a. e. m M^, 
where a = V{p) and b = pDV{p){r). 

We now extend the classical notion of Kruzkov solution to the present non local setting. 

Definition 2.8 Fix Vo G L°°(M^; M+). A function r G {lc^;Ll^^{M.^ ■,R+)) bounded, 
mesurable and right continuous in time, is a Kruzkov solution to the nonlocal problem (11.20 
if it is a Kruzkov solution to 

{ dtr + div (r a{t, x) + b{t, x)) =0 , . 

\ r{0,x)=ro{x) ^^-^^ 

where a = V{p) and b = pDV{p){r). 

In other words, r is a Kruzkov solution to ()1.2I1 if for all A; G M and for any test function 
V?GC^(iex xM^;M+) 



roo 



(r - k)dtip + {r - k)V{p) ■ V ^ip - div [kV{p) + pDV{p)r) if sgn(r - A;) dx dt > 
and lim / |r(t) — ro| dx = for all 5 > . 

Condition (V4) ensures that if p G Wi'i(R^;M), then DV{p){r) G C2(M^;M^) and hence 



for all t > 0, the map x ^ p{t,x) DV {p{t)) r{t,x) is in Wi'^(M^;M), so that the integral 
above is meaningful. 



Proposition 2.9 Let (VI) and (V4) hold. Fix p G C°(/cx;(Wi'~ n W^'^) 
Then, for all Tq G (L-^ n L°°)(M'^;M) there exists a unique weak entropy solution to ( fi.^j) 
in L°°(/cx;L"'"(K^;IR)) continuous from the right in time, and for all time t G lex, with 

C = C (||p|lLoo([o,t]xR^';M)) «s in (VI) and K = K [\\p\\^^^yQ^^^^^N.■s^) \ as in (V4) 



||r(t)||Loo < e^*||ro||L.o +ifte2^*e^*"''"L-(,;wi,i) \\p\\^^^j,^^^^^ Wrohi ■ 

If (V2) holds, p G L°°(/cx;(Wi'°° n W2.i)(M^;M)) and ro G (W^'i n L~)(M^; M), then 
for all t G /ex, r{t) G Wi'i(]R^;M) and 

|Ki)||wi,i ^ (l + C't)e2^'*||ro||wi,i +i^t(l + Ct)e^^'*||ro||Li ||p|Iloo(/;W2,i) • 

where C = max{C, A'||/o||loo(-/^^.-w2,i(rjv-r))}- Furthermore, full continuity in time holds: 
rGCO(/ex;Li( 
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With these tools, we can now state a theorem about the weak Gateaux differentiabihty. 



Theorem 2.10 Let (VI) and (V4) hold. Let po G (Wi'°° n Wi'i)(M^; M), and de- 
note Tex the time of existence for the solution of lll.l]) . Then, for all time t G L^^, 
for all ro ^ X and all sequences {hn)n€N converging to 0, there exists a subsequence of 
( 4- (St{po + hnro) — St{po)) ] that converges weakly in to a weak solution of (E^. 

This theorem does not guarantee the uniqueness of this kind of weak L"*" Gateaux deriva- 
tive. Therefore, we consider the following stronger hypothesis, under which we derive a 
result of strong Gateaux differentiability and uniqueness of the derivative. 



(V5) There exists a function K G L5^^(M+;M+) such that V/),p G 



div {V{p) - V{p) - DV{p){p - p)) ^^<K (IIpIIloo + ||p||loo) (||/5 - p\\^.f 

and the map r — > daw DV{p){r) is a bounded linear operator on L-*- 
Li(M^;M), i.e. Vp,r G L1(M^;R) 



<K[\\p 



div {DV{p){r)) 

Theorem 2.11 Let (VI), (V3), (V4) and (V5) hold. Let po G (Wi'°° n W2'i)(M^; M), 
To G (W''"'-'- nL°°)(M^; M), and denote Tex the time of existence of the solution of with 
initial condition po- Then, for all time t G lex the local semigroup defined in Theorem \2.^ 
is strongly L-*- Gateaux difjerentiable in the direction ro- The derivative DSt{po){f'o) of St 
at Po in the direction ro is 

DSt{po){ro) = ^tiro). 

where S^" is the linear application generated by the Kruzkov solution to where p = 

StPo, then for all t G Lqx- 



2.3 Necessary Optimality Conditions for Problems Governed by (11.11) 

Aiming at necessary optimality conditions for non linear functionals defined on the solutions 
to (jl.ip . we prove the following chain rule formula. 

Proposition 2.12 Let T > and I = [0,T[. Assume that f G C^'^(M;M+), ip G L°°{I x 
M^;R) and that S:I x (L^ n L°°)(R^;M) ^ (L^ n L°°)(M^;M) is strongly Gateaux 
differentiable. For all t G I, let 

J{po) = [ f{StPo) ^{t,x)dx . (2.6) 

Then, J is strongly L°° Gateaux differentiable in any direction ro G (W-*-'-*- n L°°)(M^;M). 
Morever, 

DJ{po){ro) = [ f'iStPo) (r„)V'(t,x) dx . 
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Proof. Since \f{ph) - f{p) - f'{p){Ph - p)\ < Lip(/') \Ph - pf, we have 
J{po + hvo) - J{po) 



h 



< I \f\StPo) 

+Lip(/') 



f'{StPo) DSt{po){ro)il^{t,x) dx 
StiPo + hro) - St{po 



h 



DSt{po){ro] 



, \St{po + hro) - St{po)\ \ilj{t,x)\ dx . 
I "-I Jr^ 

The strong Gateaux differentiabihty of St in L-*- then yields 

St{po + hro) - St{po) 



\f\StPo 



DSt{po){ro) 



ip{t,x)\ dx = 0(1) as /i — 5- 



thanks to Stpo G L°° and to the local boundedness of /'. Furthermore, 
St{po),St{po + hro) G 
^ {StiPo + hro) - St{po)) ^ DSt{po){ro) pointwise a.e. 



StiPo + hro) - St{po) 



pointwise a.e. 



the Dominated Convergence Theorem ensures that the higher order term in the latter 
expansion tend to as /i — > 0. □ 

The above result can be easily extended. First, to more general (non linear) functionals 
J(po) = J{StPo), with J satisfying 

(J) Af — > M_|_ is Prechet differentiable: for all p € there exists a continuous linear 
application DJ'[p): ^ — > M such that for all p, r E A": 



J{p + hr)-J{p) 



h 



DJ{p){r) 



0. 



Secondly, to functionals of the type 

J{po)= r [ f{StPo)4^{t,x) dxdt or J{po) = r JiStPo) dt . 
Jo Jr^ Jo 

This generalization, however, is immediate and we omit the details. 

Once the differentiability result above is available, a necessary condition of optimality 
is straightforward. 

Proposition 2.13 Let f £ C^^^{R;R+) and ip G L°°(/ox x Assume that S:I x 

(L^ nL~)(M^;M) ^ (L^ nL~)(IR^;M) is strongly Gateaux differentiable. Define J as 
in (E^. If po G (L^ nL°°)(M^;M) solves the problem 



find mm J'{p) subject to {p is solution to il.l]) }. 

po 

then, for all ro G (L^ n L°°)(M^;M) 

f ' {StPo) ^'t" ro Ht, x) dx = 0. 



(2.7) 
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3 Demand Tracking Problems for Supply Chains 



Recently, Armbruster et al. 0], introduced a continuum model to simulate the average 
behavior of highly re-entrant production systems at an aggregate level appearing, for in- 
stance, in large volume semiconductor production line. The factory is described by the 
density of products p{x,t) at stage x of the production at a time t. Typically, see [TllH[2i]. 
the production velocity F is a given smooth function of the total load Jq p{t, x) dx, for 
example 

v{u) = Umax/ (1 + u) and V{p) =^{^j Pi'^^ ■5) ds^ ■ (3-8) 

The full model, given by (|l.ip - (j3.8p with = 1, fits in the present framework. 

Proposition 3.1 Let v £ C'^ ([0, 1];R). Then, the functional V defined as in ^3. 8\) satis- 
fies (A), (VI), (V2), (V3). Moreover, if v e ([0, 1];M), then V satisfies also (V4) 
and (V5). 

The proof is deferred to Paragraph 15. 4[ 

The supply chain model with V given by (13. 8p satisfies (VI) to (V5) and (A). There- 
fore, Theorem 12.41 applies and, in particular, the set [0,1] is invariant yielding global well 
posedness. By Theorem 12. 11} the semigroup StPo is Gateaux differentiable in any direction 
To and the differential is given by the solution to (jl.2p . 

Note that the velocity is constant across the entire system at any time. In fact, in a 
real world factory, all parts move through the factory with the same speed. While in a 
serial production line, speed through the factory is dependent on all items and machines 
downstream, in a highly re-entrant factory this is not the case. Since items must visit 
machines more than once, including machines at the beginning of the production process, 
their speed through factory is determined by the total number of parts both upstream and 
downstream from them. Such re-entrant production is characteristic for semiconductor 
fabs. Typically, the output of the whole factory over a longer timescale, e.g. following 
a seasonal demand pattern or ramping up or down a new product, can be controlled by 
prescribing the inflow density to a factory p{t,x = 0) = X{t). The influx should be chosen 
in order to achieve either of the following objective goals [1]: 

(1) Minimize the mismatch between the outflux and a demand rate target d{t) over a 
fixed time period (demand tracking problem). This is modelled by the cost functional 

hio{m-piht))'dt. 

(2) Minimize the mismatch between the total number of parts that have left the factory 
and the desired total number of parts over a fixed time period d{t). The backlog of a 
production system at a given time t is defined as the total number of items that have 
been demanded minus the total number of items that have left the factory up to that 
time. Backlog can be negative or positive, with a negative backlog corresponding to 
overproduction and a positive backlog corresponding to a shortage. This problem is 

modeled by ^ Jq ^ Jq d{T)u — p{\, T)dT^ dt. 

In both cases we are interested in the influx A(t). A numerical integration of this problem 
has been studied in [26]. In order to apply the previous calculus we reformulate the 
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optimization problem for the influx density A(t) = po{—t) where po is the solution to a 
minimization problem for 



JliPo) 

MPo) 



{d{x) - STPo{x))'^dx 



(3.9) 



respectively, where StPo is the solution to and (j3.8p . Clearly, Ji and J2 satisfy the 
assumptions imposed in the previous section. The assertions of Proposition 12.13] then state 
necessary optimality conditions, which we summarize in the theorem below. 

Theorem 3.2 Let T > be given. Let the assumptions of Proposition \3.1\ hold. Let 
Po £ (W-*-'"" n W^'-'-)(IR; M) be a minimizer of Ji as defined in 113. 9\) . with S being the 
semigroup generated by lOj-zfOI). Then, for all ro G (Wi'°° n W2'i)(M;M) we have 



[d{x) — p(T, x)) r(T, x) dx 



, where 



dtr + dx 



\ 



•/Jpdx + p/gVdx 



{} + !i Pdx 



r(0, x) = ro(x) . 



The latter Cauchy problem is in the form (jl.2p and Proposition l2.9l proves its well posedness. 
The latter proof is deferred to Paragraph 15. 4[ 



4 A Model for Pedestrian Flow 

Macroscopic models for pedestrian movements are based on the continuity equation, see [17^ 
ESlETj, possibly together with a second equation, as in [2^. In these models, pedestrians 
are assumed to instantaneously adjust their (vector) speed according to the crowd density 
at their position. The analytical construction in Section [2] allows to consider the more 
realistic situation of pedestrian deciding their speed according to the local mean density 
at their position. We are thus led to consider p.l|) with 

V{p) =v{p*r])v (4.10) 

where 

r? G C^(M2; [0,1]) has support sptr/ C 5(0,1) and ||r?||Li = 1, (4.11) 

so that {p * ri){x) is an average of the values attained by p in i?(x, 1). Here, v = v{x) 
is the given direction of the motion of the pedestrian at x G M^. Then, the presence of 
boundaries, obstacles or other geometric constraint can be described through v, see [HI [27]. 

Note here that condition (A) is unphysical, for it does not allow any increase in the 
crowd density. Hence, for this example we have only a local in time solution by Theorem l2.2[ 

As in the preceding example, first we state the hypotheses that guarantee assump- 
tions (VI) to (V5). 



Proposition 4.1 Let V be defined in Iji4.10 ) and t] be as in 1^4. 11 ). 
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1. //?;gC2(M;M) andv(^ (C^ n W2.1)(m2. gi)^ thenV satisfies (VI) and (V2). 

2. If moreover v G C^(M;M), v G C^(IR2;M2) ^ g C^(m2;M) then V satisfies (V3). 

3. If moreover v € C^(M;M), v G C^(M^;M2) and rj G C^(M2;M)^ then V satisfies (V4) 
and (V5). 

The proof is deferred to Paragraph 15.41 

A typical problem in the management of pedestrian flows consists in keeping the crowd 
density p{t, x) below a given threshold, say p, in particular in a sensible compact region fi. 
To this aim, it is natural to introduce a cost functional of the type 

Jipo)= r [ f{StPo{x))ij{t,x)dxdt (4.12) 
Jo JR^ 

where 

(f) / G Ci'i(M;M+), /(p) = for p G [0,/5], f{p) > and f{p) > for p > p. 



(i/') g G C°°(M ; [0,1]), with sptg = 17, is a smooth approximation of the characteristic 
function of the compact set fi, with Cl ^ ^. 

Paragraph 12.31 then applies, yielding the following necessary condition for optimality. 



Theorem 4.2 Let T > and the assumptions of 1.-3. in Proposition hold, together 
with (f) and (ip). Let po G (W-*-'"" fl W'^'-'-)(M; M) be a minimizer of J as defined 
in 1^4. 10^ , with S being the semigroup generated by I^L1\ )- (4.10 ). Then, for all ro G 
(Wi'°°nW2'i)(M;M), Po satisfies (2J^. 

The proof is deferred to Paragraph 15.41 

5 Detailed Proofs 

Below, we denote by Wn the Wallis integral 

Wn= (cos a)^ do . (5.13) 
^0 

5.1 A Lemma on the Transport Equation 

The next lemma is similar to other results in recent literature, see for instance [2]. 

Lemma 5.1 Let T > 0, so that I = [0,T[, and w be such that 

w G C°(/xR^;M^) w{t) G C^{R^;R^) Vt G / 
w G L°°(/xR^;M^) V^w G L°^(I x M^; M^^^) . 



Assume that G (^/; Li(R^; M) j n (^I x M^;Mj. Then, for any ro G (L^ n 
L°°)(M^;M), the Cauchy problem 

I dtr + div {ruj{t,x)) = R{t,x) (5 15) 

I r(0, x) = ro{x) 
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admits a unique Kruzkov solution r G L°°(/;L-'-(IR^;R)), continuous from the right in 
time, given by 



r{t, x) 



ro(X(0;t,x)) exp J divit; (r, X(r; t, x)) dr^ 
+ ^ i?(r,X(r;t,x))exp ^- ^ 



X (5.16) 
div w (n, X{u; t, x)) du dr , 



where t i— > X{t;to,Xo) is the solution to the Cauchy problem 

d^ = ^(''^) (5.17) 

X{to) = Xo ■ 

Note that the expression (|5.16p is formahy justified integrating (|5.15p along the char- 
acteristics (I5.17P and obtaining 

^ (r (t, x{t)) )+r{t, x{t)) div w {t, x{t)) = R {t, x{t)) ■ 

Recall for later use that the flow X = X{t; to, Xq) generated by (15.170 can be used to intro- 
duce the change of variable y = X{0; t, x), so that x = X(t; 0, y), due to standard properties 
of the Cauchy problem ()5.17p . Denote by J{t, y) = det (VyX(i; 0, y)) the Jacobian of this 
change of variables. Then, J satisfies the equation 

^:^^ = div«;(t,X(t;0,y)) J(t,y) (5.18) 

with initial condition J(0,y) = 1. Hence J{t,y) = exp divw (r, X(r;0,y)) dr^ which, 
in particular, implies J{t, y) > for all t € /, y € M^. 

The natural modification to the present case of [251 Definition 1] is the following. 

Definition 5.2 Let T > 0, so that I = [0,T[, and fix the maps w G C°(/ x M^;R) as 
in [5A4\ ) and R G (/; Li(M^; M)) n L°°{I x IR^;M). Choose an initial datum ro G 
L°°(R^;R). A bounded mesurable map r G L°° (/; LJqj,(M^; M)) , continuous from the 
right in time, is a Kruzkov solution to \5.15]) if for all G M, for all test function (p G 
C~(]0,r[xM^;M+) 

/ / \{r - k){dtip + w ■ V xf) + {R - k d\Y w)lp\ sgn{r - k) Ax dt > (5.19) 
Jo Jr'^ 

and there exists a set £ of zero measure in R+ such that for t G M+\£' the function r is 
defined almost everywhere in and for any 6 > 

Inn f |.(M)-.„M|d. = 0. (5.20) 

Proof of Lemma \5.1l The proof consists of several steps. 
1. (I5l9l) holds. 

Let A; G M and 99 G C^(i x M^;M+). Then, according to Definition [521 we prove ([539]) 
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for r given as in (|5.16|) . By (j5.18|) . the semigroup property of X and denoting TZ{t,y) 
Jo R ("^^ ^('^; 0. y)) J y) ^e get 

(" + 00 j' 

I / [(^ ~ k){dtip + w ■ Vx^) + {R — kd\vw)(p\ sgn(r — k) Ax dt 
Jo Jr!^ 



JR^ 



ro{y) ^ n{t,y) 



J{t,y) J{t,y) 
X (dtip {t, X{t; 0, y)) + w {t, X{t; 0, y)) • V^v? (t, 0, y)) ) 

(i, X{t; 0, y)) - A; div {w {t, X{t; 0, y)))^ ^ {t, X{t; 0, y)) 
ro{y) , 7^(^,y) 



X sgn 



+ 



Jit,y) J{t,y) 



k J{t,y)dy dt 



ro{y)^^ip {t, Xit; 0, y)) - k J(t, y)^ip (t, X{t; 0, y)) 
Jrni at ^ ' at ' 

-k ^ (t, X(t- 0, y)) ^ J(t, y) + ^ (7^(^, y)v7 (t, 0, y) 

X sgn (ro(y) + 7e(i, y) - k J {t, y)) dy dt 

r f ii^'oiy) + ^(t, y) - y)) ^ {t, X{t; o, y) 

X Sgn (ro(y) + 7^(^, y) - k J{t, y)) dy dt 

' 'x> r ^ , 

\o{y) + n{t, y)-k J{t, y)| if {t, X{t; 0, y)) ) dy dt 



'O iR^ 
> 0. 



2. r € L°°(/ X R^;M). 
Indeed, by ()5.16p we have 



L°°{/xI 



< r 



oIlLo 



■m + T\\R\ 



L°°{7xl 



,T||divM,||Loo(jxKJV, 



3. r is right continuous. 
Consider first the case 



dtr + div {rw{t, x)) = . 
r(0,x) = ro(2;) ; 



(5.21) 



(5.22) 



where we can apply Kruzkov Uniqueness Theorem j25| Theorem 2]. Therefore, it is suf- 
ficient to show that ()5.16p does indeed give a Kruzkov solution. To this aim, it is now 
sufficient to check the continuity from the right at t = 0. Since Tq £ (L-*- n L°°)(R^;R), 
there exists a sequence (ro^„) in C^(M^; M) converging to Tq in L-*-. Then, the corresponding 
sequence of solutions (r„) converges uniformly in time to r as given by ()5.16p . Indeed, by 
the same change of variable used above, we get 

ro,n{y) ^o{y) 



r„(t, x) — r{t, x)\ dx 



J{t,y) J{t,y) 



J{t,y)dy 
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Furthermore, by (|5.16|) . r„ is continuous in time, in particular at time t = 0. Finally, for 
any 5 > 0, 



/ \r{t, x) — ro{x) \ dx 
Jb{o,5) 



< 



/ \r{t,x) - rn{t,x)\dx -\ 
Jb(o,5) 

\ro,nix) - ro{x)\dx 



B{0,5) 



|r„(t,x) - ro,n{x)\dx 



< 



+ 

e 
2 



B{0,5) 



+ / \rn{t,x) — ro,n{x)\ dx , for n large enough 
Jb{o,6) 



< e , for t small enough. 
Next, we consider the system 

(dtr + div (^rw{t, x)) = R . 
r(0,x) =0, 



(5.23) 



and introduce the map 



^{t, h, r, y) = exp 



t rt+h . , 

divit; (n, 0, y)) dti — / divw ( u, X (u; t + /i, 0, y)) J dn 



so that the solution to ()5.23p satisfies by ()5.16p . for all /i > 0, 
||r(t + /i)-r(t)||j^, 

= I r R(T,X{T;t + h,Xit;0,y)))nt,h,T,y)dT 
JR^ Jo ^ ' 

R{T,X{T-0,y)) J{T,y)dT dy 



< 



Jo 



R(t,X (T-t + h,X{t;0,y) 



\^{t, h, T,y) - J (r, y) I dr dy 



+ 



Jo 

t+h 



J{r,y) 



rt+n r 

+ / / T{t,h,T,y) 



R ( r, X{T;t + h, X{t; 0, y))) - R (r, X{t; 0, y)) 



dydr . 



dr dy 



R[t,X iT]t + h,X{t-f),y) 



The former summand above vanishes ash ^ Q because the integrand is uniformly bounded 
in L-*- and converges pointwise to 0, since X (u; t + /i, 0, y)) ^^-^ X{u;Q,y) and also 



h-*0 



J-{t,h,T,y) — > J(T,y). The second one, in the same limit, vanishes by the Dominated 
Convergence Theorem, R being in L-*- and by the boundedness of J. Indeed, if (Rn) is a 
sequence of functions in C^(M^;M) that converges to R in L-*- we have 



RJV Jo 



R ( T, X (r; t + h, X{t; 0, y))) - R (r, X(r; 0, y)) 



dr dy 



< 



IRN Jo 



Rn ( T, X (r; i + h, X{t- 0, y)) ) - Rn (r, X(t; 0, y)) 



dr dy 
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+ [ fj{r,y) 

Jr^ Jo 

+ [ fj{r,y) 

Jm.^ Jo 

J{T,y) is uniformly bounded on [0,t] x M^. We can first fix n large enough so that the 
second and third terms will be small, independently of h. Then, taking h small enough, 
we know from Dominated Convergence Theorem that the first term will shrink to 0. The 
integrand in the latter summand is in L°° since R is in L-*-. 

In general, right continuity follows by linearity adding the solutions to ()5.22p and ()5.23p . 

4. r e L°°(l;Li(M^;M)). 
Indeed, for all t € I we have 

||r(t)||Li < (IItoIIli +t||i2||Loo(/.Li)) exp (tlldiviyllLoo) . 

5. The solution to (15.150 is unique. 

First, assume that w E C^{I x M^;]R^) and R £ €"^{1 x M^;M). Then, Kruzkov 
Uniqueness Theorem \25\ Theorem 2] applies. 

Second, assume that w € C^{I x ]R^;M^) and R satisfies the present assumptions. 
Then, we use the same procedure as in the proof of [16\ Theorem 2.6]. There, the general 
scalar balance law dtu + div f{t, x,u) = F{t,x,u) is considered, under assumptions that 
allow first to apply Kruzkov general result and, secondly, to prove stability estimates on the 
solutions. Remark that these latter estimates are proved therein under the only require- 
ment that solutions are Kruzkov solutions, according to [25| Definition 1] or, equivalently, 
Definition l5.2[ Here, the existence part has been proved independently from Kruzkov result 
and under weaker assumptions. 

Let (Rn) be a sequence in that converges in to i? G C°(l; Li(M^,M)). Also with 
reference to the notation of [16, Theorem 2.6], consider the equations 

dtrn + div (r„ w{t, x)) = Rn{t, x) and let 
dtr + div (r w^t, x)^ = R{t, x) and let 

with the same initial datum e (L^ n L°°)(M^;M). 

Note that here the sources F and G do not depend on r, hence the proof of [16^ 
Theorem2.6] can be repeated with G € C°(/; Li(M^,M)) instead of C°(/xR^;M). Indeed, 
in the proof of [16^ Theorem 2.6], it is sufficient to have the (t, x)-regularity in the source 
term F of the first equation and existence and continuity of the derivative dr (F — G), which 
here vanishes. Besides, here the two flows / and g are identical, hence we do not need the 
BV estimate provided by [HI Theorem 2.5]. 

Thus, to apply the stability estimate in [161 Theorem 2.6], we are left to check the 
following points: 

• the derivatives drf = w, drVxf = V^w^, V^/ = rV^w, drF and VxF exist and are 
continuous; 



Rn ( T, X (r; t + h, X{t; 0, y))) - R (r, X(r; t + h, X{t; 0, y)) 



dr dy 



R 



T,X{T;0,y)))-Rn (r,X(T;0,y)) 



drdy . 



fit,x,r) 
F{t, x, r) 

g{t,x,r) 
G{t,x,r) 



rw{t, x) 
Rn{t,x) 

r 'w{t, x) 
R{t,x) 



(5.24) 
(5.25) 
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• drf = w and F — div f = F — r div w are bounded in / x M.^ x [—A, A] for all ^ > 0; 

• dr{F - div f){t,x,r) = -divw e L°°(/ x x M;M), 

• V^drf{t,x,r) = V^w G L~(/ x x M;M^x^). 

Hence, if r is any solution to (j5.25p and r„ is the solution to (|5.24|) in the sense of Defini- 
tion [521 then for t G /, G M^, 5 > 0, M = ||'w||loo(r^xIR^-r^)- 

IK''" ~ '^)(*)|Il1(B(xo,'5);IR) - / ^''IK^" ~ ^)(*)llLi(B(2:o,<5+M(t-s));R) ^'^ ' 

where k = 2A^|| V2;1(;||loo(/xR^-r^x^)- Therefore, if {Rn) converges in L-*- to i?, then (r„) is a 
Cauchy sequence in L°°(/; L-'-(M^; M)) and r G L°°(/; L-'-(M^;M)) is uniquely characterized 
as its limit. 

Third, we consider the general case. Again, we rely on the proof of Theorem 2.6] 
extending it to the case of t(j G C°(/ x R^;R^). Indeed, therein the higher regularity in 
time of the flow is used to apply Kruzkov Existence Theorem [251 Theorem 5] , to prove the 
BV estimates in [TBI Theorem 2.4] and to obtain the limit [16| (5.11)]. In the former case, 
our existence proof in the previous steps replaces the use of Kruzkov result. BV estimates 
are here not necessary, for we keep here the flow fixed. In the latter case, a simple argument 
based on the Dominated Convergence Theorem allows to get the same limit. □ 

Remark that as an immediate corollary of Lemma 15.11 we obain that any solution 
to (I5.15P in the sense of Definition 15.21 is represented by ()5.16p . 

5.2 Proof of Theorem [2721 

Lemma 5.3 Let T > 0, so that I = [0, T[, and w be as in Iji5.14\ ) such that 

divw G L°° (^/;L1(M^;M)) (5.26) 

V^divw; G L°° (/;L^(M^;M^)) . (5.27) 

Then, for any po G (L-*- fl L°°)(M^;M), the Cauchy problem f5.15\) with R = admits a 
unique solution p G L°° L-'-(M^; M)^ , right continuous in time and satisfying 

lk(*)|lL°°{M^;R) - il/'ollL°°(IR^;R) -wIIlooQo,*] xR^;R)) (5.28) 

for all t £ I. Moreover, this solution has the following properties: 
1- Po ^ a.e. =^ p{t) > a.e., for all t G I 

divw > a.e. =^ lk(*)|lL°° — II^'oIIloo; /c"" t G /. 
2. If Po £ X then, for all t G I, we have p{t) G X and setting Kq = NW^C^N + 

|Il°°{/xR^;R^x^)' '^^ "^"^^ 

TV{p{t)) < TV(/)o)e"°* 

+NWn [ e''°(*~") / e'll^^™llL°°||V^divu;(s,2;)|| dx ds IIpoIIloo . 
Jo JR^ 

Furthermore, p G C°(/;Li(M^;M)). 
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3. If pi, p2 are the solutions of k5.15\) associated to wi, W2 with Ri = R2 = and with 
initial conditions pi^o, P2,o in , then for all t € I 



\{pi - P2)(i)||Ti 



< e'^^Wpi^o- P2,o\\ti + 



+NWn 



t Ko{t-s) _ K{t-S) 







TV (pi,o)||u'i - W2|[l°o 

e"ll'^'™llL°°||v^.divu;i(s,x)|| dx ds 



\diY {wi — W2){s,x)\ dx ds\\po\ 

where k = 2A^||Va;?x;i||Loo(/xR^-R^x^) ^^'^ as in{E above. 
4. If there exists C > such that 



L°° ' 



L°°(7xl 



< C and llVa;W|lLoo(/xR^;R^x^) — ^ (5.29) 



then 



Po e wi'i 

Po G Wi'°° 



p{t) G W^'i 

L 

p{t) E Wi'~ 



for all t ^ I 



for all t & I 



|p(0||wi.- - IIpoIIwi.' 



5. If there exists C > such that i5. 29\) holds together with || V^?x;|| j^^j-^^j^jv-ijivxivxivxiv) ^ 
C, then Po e W2'i(M^;M) implies 

e W2'i(M^;M) foralltel and \\p(.t)\\^^^^ < {1 + Ct)^e^^^ \\po\\^fl^2,i ■ 

Proof. The existence of a Kruzkov solution follows from Lemma 15.11 But we can also 
refer to [251 theorems 2 and 5], the assumptions in [25l § 5] being satisfied thanks to (j5.14p . 
The L°° bound directly follows from (I5.16p . which now reads 



p{t,x) 



Po {X{0;t,x)) exp^— y divtu (r, X(r;t,x)) dr^ . 



(5.30) 



The representation formula ()5.30p also implies the bounds at [H 

The bound on the total variation at [2] follows from [16t Theorem 2.5], the hypotheses 
on w being satisfied thanks to ()5.14p and (I5.27p . More precisely, we do not have here the 

regularity in time as required in [16t Theorem 2.5], but going through the proof of this 
result, we can see that only the continuity in time of the flow function f{t, x, r) = rw{t, x) 
is necessary. Indeed, time derivatives of / appear in the proof of [161 Theorem 2.5] when 
we bound the terms Jt and Lf, see |161 between (4.18) and (4.19)]. However, the use of the 
Dominated Convergence Theorem allows to prove that Jt and Lt converge to zero when r] 
goes to without any use of time derivatives. The continuity in times follows from [161 
Remark 2.4], thanks to (j5.26p of w and the bound on the total variation. 
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Similarly, the stability estimate at E] is based on |16[ Theorem 2.6]. Indeed, we use 
once again a flow that is only instead of in time. Besides, in the proof of [16^ 
Theorem 2.6], the L°° bound into the integral term in [W\ Theorem 2.6] can be taken only 
in space, keeping time fixed. With this provision, the proof of [3] is exactly the same as that 
in [16], so we do not reproduce it here. The same estimate is thus obtained, except that 
the L°° bound of the integral term is taken only in space. 

The proofs of the W-*-'-*- and W-'-'°° bounds at [H are similar. They follow from the 
representation ()5.30p . noting that |[Va;X||Loo < e*^*. Indeed, 

\/xX{t;0,x) = Id+ [ V xw{t; X {t; 0, x))V a:X {t; 0, x) dr , hence 

Jo 

\\W^X{t;0,x)\\ < 1+ [ ||V^.u;(T;X(r;0,x))||||V^X(T;0,2;)||dr 

Jo 

< 1+ C\\Va:X{T;0,x)\\dT 

Jo 

and a direct application of Gronwall Lemma gives the desired bound. Hence, we obtain 
||Vp(t)||L^ < (e^^* - e^*) IIpoIIloo + e^^* \\Vpo\\^o. 

and consequently 

||pW|Iwi>°° - ^^"^^ lipollwi.- • 

The L-*- estimate is entirely analogous. 

The W^'^ bound at O also comes from the ()5.30p . Indeed, again thanks to Gronwall 
Lemma, we get ||V^X||j^^ < e^*^* — e*^*. Using the estimates above, together with 



VXt) < (2e"^* - 3e^' + l)e^' ||/>o||li + 3(e^' - l)e"^' ||V/>o||li + 
we obtain 

\\p{t)\\w^,i < (2e^*-l)'e^*||Po|lw-.i 
concluding the proof. □ 



We use now these tools in order to obtain the existence of a solution for (|1.1|) . 

Proof of TheoremlMM Fix q,/3 > with /3 > a. Let T, = (ln(/3/a)) /C(/3), with C as 
in (VI). Define the map 



fj I— > p 



where = [0, r^,[ and p is the Kruzkov solution to 

I 9tP + div{pw) = ^.^^ w = Via) 

1^ p{0,X) = Po{x) Po e ATa . 

The assumptions (VI) imply the hypotheses on w necessary in Lemma 15.31 Therefore, a 
solution p to (j5.3ip exists and is unique. In particular, the continuity in time of p follows 
from [2] in Lemma [5^ due to the boundedness of the total variation. Note that by (|5.28p . 
the choice of T^, and (VI), ||p(^)||loo ^ P find hence Q is well defined. 
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Fix fTi,cJ2 in C°(/*; Af^). Call Wi = V{ai) and the corresponding solutions. With the 
same notations of |16l Theorem 2.6], we let 



Ko = NWn{2N + 1) ||V^u'i|1lco(^,xi 
Note that by (1533)1 



K = 2N \\S/xWi IIlo 



'(/.xl 



> {N + 



1 



7r/2 



TV 



2 \- TT 

1 X dx = — 

TT 2 



1 



2{N + 1) 



Sir 
> — > 1 



hence > k- Then, by 4 of Lemma [531 and (VI), we obtain a bound on Ko- Indeed, 



|v,.y(ai)| 



L°°{7,xl 



and since ai £ C°(/*; ^^'/j), finally Ko < NWn{2N + 1) C{f3). Let us denote 

C = C{P) and C' = iV (2iV + 1) C(/?) . 
Again, (VI) implies the following uniform bounds on all cri,o"2 G C°(/*;<Ya): 



(5.32) 



V^F(ai) 

L°°{7.;Li{ 
||n^l)-n^2)||Loo(,,, 

div (y(,Ji) - ^(^2)) 



< c, 

< C ||(Ti — CT2I 

< C ||(Ti — (T2I 



L°°(/.;Li 

Thus, we can apply [16, Theorem 2.6]. We get, for all t G 
||(Pi-P2)(t)||Li < Cte^''TY{po)\\ai-a2\\^ 



L°°{7,;Li 
L°°{7*;Li 



= ([0,t];Li) 



r-t 

'0 







(t-s)e^'(* ds ||Po,l||Loolkl -f^2|lL-{[0,t];Li) 

+e^* rC7e^'(*-^)||(ai-a2)(s)||Li ds . 

JO 

Therefore, we obtain the following Lipschitz estimate: 

llQ(o-l) - Q(f^2)||Loc(j.Li) 

< CTe^''^[TV{po) + iNWNCT+l)e^^\\po,i\\^ 
Here we introduce the strictly increasing function 

/(T) = CTe^'^ [tV(po) + iNWNCT+l)e^^\Wi\ 



Fl - 0-2||l=°{7;L1)- 



IL°° 



and we remark that f{T) — > when T — > 0. Choose now Ti > so that f{Ti) = 1/2. 
Banach Contraction Principle now ensures the existence and uniqueness of a solution p* 
to (jl.ip on [0, T] in the sense of Definition l2.lt with T = minjT,,, Ti}. In fact, if Ti < T^,, we 
can prolongate the solution until time T^,. Indeed, if we take p*{Ti) as initial condition, we 
remark that ||/o*(T'i) ||loo ^ IIPoIIloo^'^^^^^^ • Consequently, the solution of (j5.3ip on \Ti,T^\ 
instead of 1^, satisfy, thanks to (15.280 



19 



which is less than (5 thanks to the definition of T* and since po € X^. 

Now, we have to show that r„ > for n sufficiently large. To this aim, we obtain the 
contraction estimate 

< C{Tn+i - r„)e^'(^"+^-^") [tV + {NWNC{Tn+i - r„) + l)e^^" \\po\\j^. 

< TV (po) e^'^" + C"r„e^'^" + {NWNC{Tn+i - T^) + l)e^^" 

where we used the bounds on TV (/9(T„)) and ||p(^n)||Lcx>(]KJv.]K) provided by Lemma 
associated to the conditions (A) and (VI). We may thus extend the solution up to time 
Tn+i, where we take Tn+i > Tn such that 

TV (po) e^"^" + Cr„e^'^" + (7VVFjvC(T„+i - r„) + l) e^^" \\poh^ x 

xC(r„+i-T„)e^'(^"+-^") = i. 

If the sequence (T„) is bounded, then the left hand side above tends to 0, whereas the right 
hand side is taken equal to 1/2 > 0. Hence, the sequence (T„) is unbounded. In particular, 
for n large enough, Tn is larger than T*; thus the solution to (jl.ip is defined on all I^. 

The Lipschitz estimate follows by applying the same procedure as above, in the case 
when the initial conditions are not the same. 

The L°° and TV bounds follow from ()5.28p and from point [2] in Lemma 15.31 □ 

The proof of Lemma 12.31 directly follows from the second bound in [TJ of Lemma 15. 3[ 



Proof of Theorem 2.4- We consider the assumptions (A) and (B) separately. 

(A): Let T > 0, so that / = [0, T[, and fix a positive a. As in the proof of Theorem 12. 2 ^ 
we define the map 

a p 

where p is the Kruzkov solution to (|5.31|) with po G Xa- The existence of a solution 
for (f5:3T]) in L°°(/, L1(M^; M)) is given by Lemma [5. 31 the set of assumptions (VI) allowing 
to check the hypotheses on w. Note that furthermore (A) gives an L°° bound on p, thanks 
to Lemma 12.31 so that for all t ^ I, p{t) € [0,a], a.e. in x. Fix cti,cj2 in {T,Xa), call 
Wi = V{ai) and let pi, p2 be the associated solutions. With the same notations of |16[ 
Theorem 2.6], we let as in the proof of Theorem 12.21 



l^-O — NWn{2N + 1) II Vx>^i'l||Loo(/x]RiV;18iVx]V-) , K — 2N \\^ xWl\\j^oo(^J^T^N.^NxN-^ ■ 

so that Kq > K. Then we use Lemma 15.31 and assumptions (VI) in order to find a bound 
on Ko- Indeed, by (VI) we have: 

II V2:y(cri)||j^^j.^^jjiV.jg]VxJV) < C (^||0'i||loo(/xR'V;]R'VxJV) 
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and since ai S C° (/; <Yq,), we have HctiUloo < a so that Kq < NWj\[{2N + l)C(a). Denote 
C' = NWn{2N + l)C{a) and C = C{a) . (5.33) 
The following bounds are also available uniformly for all <ti, cr2 € C° '^a), by (VI): 



VlF(ai 



LOO (j.Ll (^iV .]gJV X JV X AT)) 

y(ai) -y((T2)||Loo(jxKiV;R) 



< c, 

< ||cJi - (T2||Loo(/.Li(]g]V.]g)) , 



div (y(ai) - y(cT2)) 



< C llcJi — (J2I 



L°=(/;Li 



L°=(/;Li( 

Applying [161 Theorem 2.6], we get 

||(Pi-/02)(t)||Li < C^ie^'*TV(po)||(Ti-a2||Loo([o,t];Li) 

+C72W^ /" (t _ s)e^'(*-^) ds Ikl -CT2||Loo([o,t];Li) 



+ rce^'(*-^)||(ai-a2)(s)||j^, ds . 
^0 



So that 



II Q(cTi) - Q(^2)||loc(,.li) < CTe^ ^ [TV (po) + W^CT + l] ||ai - c72||loo(,.li) • 

Here we introduce the function /(T) = CTe^'^ [TV (po) + NWnCT + l] and we remark 
that /(T) — > when T —>■ 0. Choose now Ti > so that f{Ti) = |. Banach Contraction 
Principle now ensures the existence and uniqueness of a solution to (jl.ip on [0,Ti] in the 
sense of Definition 12. li 

Iterate this procedure up to the interval [T„_i,T„] and obtain the contraction estimate 

||Q(ai)-Q(a2)||Loo([r„,r„+i];Li) 

< C7(r„+i - T„)e^'(^"+i-^") [tV (p(r„)) + NWNC{Tn+i - T„) + 1 

X|kl - 0-2|Il°°([T„,T„+i];L1) 



< 



TV (po) e^'^" + C'Tne^'^- + NWNC{Tn+i 
<C"(T„+i -T,)e^'(^"+i-^") 



T„) + l 

0-1 - 0-2||Loo([r„^r„_^^].Li) 



where we used the bounds on TV (/9(r„)) and ||p(^n)||Loo(]jiv.]K) provided by Lemma 1^31 
associated to the conditions (A) and (VI). We may thus extend the solution up to time 
r„+i, where we take 



TV {po) e^'^" + Cr„e^'^" + NWNC{Tn+i - r„) + ll C7(T„+i - T,)e^'(^"+i-^" 



If the sequence (r„) is bounded, then the left hand side above tends to 0, whereas the 
right hand side is taken equal to 1/2 > 0. Hence, the sequence (r„) is unbounded and the 
solution to (II. ip is defined on all R^-. 

(321) follows from Lemma 15.31 associated to the assumption (VI) on V that allows to 
satisfy the hypotheses on w. 
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(331) is obtained in the same way as (31]) • Note that the Lipschitz constant obtained 
by such a way is depending on time. 

The bound (31]) follows from Lemma 15.31 point 2, that gives us 

TV {p{t)) < TV (/5o)e^'* + NWNCte^''\\poho. . 

(B): Repeat the proof of Theorem 12.21 and, with the notation therein, note that if we 
find a sequence (q„) such that ^^T(a„,an+i) = +oo where T{a,j3) = In (/3/a) /C{P), 
then the solution is defined on the all M+. It is immediate to check that (B) implies that 

^T{an,an+i) > (||C|Il°=(r+;IR+)) lii^fc as A; ^ +00 

n=l 

completing the proof. □ 

Proof of Proposition \2.5l The bounds of p in W-*-'"" and W-*-'-*- follow from [5] in 
Lemma 15.31 the hypotheses being satisfied thanks to (V2). The bound in W^'-*- comes 
from [5] in Lemma 15.31 the hypotheses being satisfied thanks to (V3). □ 



5.3 Weak Gateaux Differentiability 

First of all, if G (L°° n L1)(M^;M) and p G L°°(/ex; (W^'^ n Wi'°°)(M^; R)) , we prove 
that the equation (|1.2p admits a unique solution r G L°° (/ex; L-'-(M^; M)) continuous from 
the right. 

Proof of Proposition \2.9i We use here once again Lemma 15.11 in order to get an 
expression of the Kruzkov solution for (15.150 . 

We assume now that p G C° (/ox; (Wi'°° n Wi'i)(M^; M)) and we define w = V{p); we 
also set, for all s G L°°(/ex;L-'-(M^;M)), R = div (^pDV{p){s)^ . Thanks to the assumptions 
on p and (V4), we obtain R G L°°(/ex; L1(R^; M)) n L°°(/ex x M^;M). Let e G /ex- Then, 
on [0,Tex — e] we can apply Lemma |5 . 1 1 giving the existence of a Kruzkov solution to 

dtr + div (rw) = R , r{x, 0) = G (L°° n L^)^™^- 



Let T G [0, Tex — e] and / = [0,r[. We denote Q the application that associates to 
s G (/; L''"(M^; M)) continuous from the right in time, the Kruzkov solution r G 
L°°(/; LJ-^p(]R^; R)) continuous from the right in time of (|5.15|) with initial condition 
ro G (L°° n L^)(M^;M), given by Lemma[5Tl That is to say 

Q : s ^ r{t,x) = ro{X{0;t,x)) ex.p J div F(p) (r, X(r; t, x)) dr j 

div {pDV{p){s)) (r,X(r;t,x)) exp ^-^ divV{p) {u,X{u;t,x)) dv^ dr. 

Let us give some bounds on r. The representation of the solution (|5.16p allows indeed 
to derive a L°° bound on r. For all t ^ I, thanks to (VI) and (V4) we get, with 

C = C (^||p|lL°°([0,Tcx-e]xR^;R)) ' 

||?^(t)||Loo < lko|lL°oe*^* + *'2'^*ll/'llL°°([0,t];Wi.°°)||-^^(/')|lwi.°° PllL°°([0,t],Li) • 
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The same expression allows also to derive a L-*- bound on r{t) 

\\r{t)\\-^i < IkollLie'^* + *e'^*llp|lL°°([o,t];Wi'i)||^^(/')|lwi.°°ll'*llL°°([o,i],Li) • 

Now, we want to show that Q is a contraction. We use once again the assumption (V4). 
For all si,S2 G L°°(/; (L^ n BV)(M^;]R)) continuous from the right, we have 

div {pDV{p){si - S2)) < C'I|P|IW1>1(R'V.IK)||S1 - S2|lLi(RiV;IR) • 

Thus, we get: 

||Q(si) - Q(s2)||loc(7.li) 

< C'II/'IIl-(/;W1.i)II'Si - «2|Il->(7.li) ^ exp (^(T - r) ||div ^(p) || j^^) dr 

^ (^"^^ ~ 1)II/'IIl°=([0,Tcx-£];W1.1)Pi ~ ■S2|Il°°(7;L1) • 

Then, for T small enough, can apply the Fixed Point Theorem, that gives us the existence 
of a unique Kruzkov solution to the problem. Furthermore, as the time of existence does 
not depend on the initial condition, we can iterate this procedure to obtain existence on 
the interval [0, Tex — e]- Finally, as this is true for all e G lex, we obtain the same result on 
the all interval /ex- 

The L-*- bound follows from (|5.16p . Let T € /ex and t €1 I, then for a suitable C = 

C (||pIIl°°(/xIR^;K)) 

||r(t)||Li < IkollLie*^* + IIpIIl-(/;W1.i) ||div/)F(p)||Loo ^ IkWLi^'^ • 
A use of (V4) and an application of Gronwall Lemma gives 



where K = K (^||p||loo(/xIR'v.|5) j is as in (V4). 

The L°° bound comes from the same representation formula. Indeed, for T € /ex and 
t G I we have 

||r(t)||Loo < e^'lkoIlL- + ||/3|Il-(7;W1.-) ||div/?l^(p)||Loo ^ IkWilLi • 
Then, the last is bounded just as above. We get 

\\r(f)\\ < p^^Wr W _|_ /r/p2Ci -fi'l|p|lLoo(^.wi,i)*|U II l|^|| 

II — II' oIIloc i- -fN.re e ' II' oIIli IIfIIl°°(/.w1'°°) ■ 

Finally, we get a W-*-'-*- bound using the expression of the solution given by Lemma [5. 11 
Indeed, assuming in addition (V2) and (V4), we get 

II^^WllLMRiv.K) < e^^iVrollLi+Cte^^irollLi 



+K{1 + Ct)e2^*||p||Loo(j.w2.i) ^ IkWLi 
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Hence, denoting C = max{C, -fC||p||Loo(j- -^1,1)}) we obtain 

IkWllwi.i ^ lko|lwi.i(l + + + <^*)e^^'*lkollLillPllL-(/;W2>i) • 

The full continuity in time follows from [16', Remark 2.4] and (VI), (V4), since r[t) € 
Wi'i(M^;M) implies that r{t) G BV(M^;M) with TV(r(t)) = 11 V:i.r(t)|U .^jv.hv □ 



Now, we can address the question of weak Gateaux differentiability of the semigroup 
giving the solution to (jl.ip . 

Proof of Theorem \2.1(K Let a, /? > with (5 > a and h G [0, h*] with h* smah 
enough so that (5 > a(l + /i*). Fix po,ro G A'q. Thanks to Theorem 12.21 we get the 
weak entropy solution p G C°([0, T(a, /?)]; of (II. ip with initial condition po and G 
C°([0, r(Q(l + /i), /?)]; ;f/3) of ([TI]) with initial condition /)o + /ir^. Note that 

T{a{l + h),(3) = = T{a, (i) c{0)~ - *^ ' ^' 

and T(a(l + goes to T{a,(3) when /i goes to 0. In particular, both solutions are 

defined on the interval [0,T(a(l + h*),(3)]. 

By Theorem 12. 2 1 point 2, the sequence ( ^''^^ (t) j is bounded in L-*- for all t G 



he[0,h* 

[0,T(q(1 + /i*),/3)]. By Dunford-Pettis Theorem, it has a weakly convergent subsequence, 
see [12]. Thus, there exists r G Li(M^;M) such that 



Ph- p 



(t) ^h^o ^{t) weakly in L"*". 



h 

Write now the definition of weak solution for p, ph- Let G C^([0, r(a(l+/i*), /3)] xM^; M) 

/ / (pdt^ + {pV{p)) ■ V^if) dxdt = ; 
/ [ (phdtip+{phV{ph)) ■V^ip)dxdt = 0. 

Now, use (V4) and write, for a suitable function e = e{p,ph), 

ViPh) = Vip) + BVip){pf, -p) + eip, Ph) , 

with ||e(/3,Ph)||L.o(Riv.K) < K{2(3) -/?l!Li(iRiv.K)) . Then, 

py{p) - PhV{ph) = {p- Ph)V{p) + pDV{p){p - Ph) + {p- Ph)^V{p){p - Ph) - Phe{p, Ph)- 
Consequently, 

'^a.^ + (^^vip) + P^viP) 

+ P^DVip){p~ph)-~Ph'-^^)-V.^ dxdt = 0. 
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Using (V4), p{t) G X/j and the estimate on e we obtain for all t G [0, r(a(l + h*),/3)]: 



TiV[p){p- ph) - ph 



h ""^ h 



dx 



< Km j^^ + j \\p-Ph\\^. iV.^ldx, 

and since is bounded in L~ (^[0,r(a(l + /i*),/3)];Li(M^;M)) and ^(t) ^h^o r{t) 
in L-*-, then we can apply the Dominated Convergence Theorem. We get: 



/ / \rdt^ + {rV{p) + pT>V{p){r)) ■ V,^ 



dj; dt = . 



That is to say that r is a weak solution to ()1.2p with initial condition Tq. As this is true 
for all h* small enough, finally we obtain a solution on the all interval [0,T(a, (3)[. Hence 
we conclude that p G C°(/ex x M^;R) implies r defined on /ex- D 

In the proof just above, we can not conclude to the uniqueness of the weak Gateaux 
derivative as we do not know if the weak solution is unique In particular, we don't know if 
the derivative is continuous. 

We assume now that the assumptions (V4) and (V5) are satisfied by V. We want to 
show that with these hypotheses, we have now strong convergence in L-*- to the Kruzkov 
solution of (O) 



Proof of Theorem \2.11i Let a, /? > with (5 > a, and h G [0, h*] with h* smah enough 
so that 13 > a{l + h*). Let us denote T{h) = T{a{l + h),(3) for h G [0, /i*] the time of 
existence of the solution of (jl.ip given by Theorem 12.21 

Fix po G (Wi'°° n W2'i)(M^; [0,a]), G (L°° n Wi'i)(M^; [0,a]). Let p, respectively 
Ph, be the weak entropy solutions of (jl.ip given by Theorem 12.21 with initial condition po, 
respectively Po + hro- Note that these both solutions are in C° ([0, r(/i*)]; Li(R^; R)) . Fur- 
thermore, under these hypotheses for po and Tq, we get thanks to Proposition 12.51 that the 
corresponding solutions p and ph of are in C°([0, r(/i*)]; (Wi'°° n W2.i)(M^; [0, /?])), 
condition (V3) being satisfied. Hence, we can now introduce the Kruzkoz solution r G 
C°([0,r(/i*)[;Li(M^;R)) of ([O]), whose existence is given in this case by Proposition EJ) 

Note that, being in Wi'i(M^;M) and p G L°° (^[0, r(/i*)]; W2'i(]R^; R)) and (V2), 

(V4) being satisfied, r{t) is also in Wi'i(M^;R) for all t G [O, r(/i*) [ thanks to the W^'^ 
bound of Proposition 12.91 

Let us denote = p + hr. We would like to compare ph and Zh thanks to [16, Theorem 
2.6]. A straightforward computation shows that z^ is the solution to the following problem, 

dtZh + div [zh {V{p) + hDV{p){r))) = div {rDV{p){r)) , 
Zh{0) = Po + hro G Xo,[i+h) ■ 

Note that the source term being in C° ( [O, T{h*) [ ; L-'-(]R^; M)) , and the flow being regular, 
we can apply to this equation Lemma l5.1l that gives existence of a Kruzkov solution. 

As in the proof of Lemma 15.1^ we make here the remark that [16^ Theorem 2.6] can 
be used with the second source term in C° ( [O, r(/i*) [ ; L^(M^; M) j and the flow in 
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space and only C° in time. Besides, we also use the same slight improvement as in the 
proof of Lemma 15.31 taking the L°° norm in the integral term only in space, keeping 
the time fixed. We get, with = NWnC^N + 1)|| V2:y(p/i)|L _,r,. ^.^.M.,«^f.,™^ and k 

2A^||V^F(/);,)||Loo([o,T(h*)]xR'v.K)> for some T £ [0,T{h*)], 



Il°°([0,T{/i*)]xI 



\\Ph — ^/i|Il°°(/;L1) 

< Te^o^TYipo + hro)\\V{ph) - V{p) - hDV{p){r)\\-^^^^^^^^^,^^^^^,^^^ 

+NWn r (T - 1)6^"^^-'^ [ \\phit)L^\\V,divV{ph)\\dxdt 
Jo Jr^ 

x\\yiph) - Vip) - hDV{p){r)\\^^^^^^^^^,^^^^^,^^^ 



ft(T-t) 



Jo 



dx dt 



max 

te[o,T] 



div (rDV{p){r)) dx dt 
dW{V{ph)-V{p)-hDV{p){r)) 

Then, setting C = C{[3) and K = K(2/3), we use: 

• the bound of p and ph in L°° given by Lemma 15.31 

IIpWIIloo < ll/OollL-e'^* < and \\ph{t)\\^^ <\\po + hvoW^ooe^* < (3 ; 

• the properties of V given in (VI) to get 

||V,divy(p;,)||j^^(^_^^jj^.jj) < C and pxdiwV{ph)\\^^^j.^^^^^.^^^ < C ; 

• the property (V4), respectively (V5), to get 

\\V{ph) - V{p) - hDV{p){r)\\^^^j^^^,^^ 

< K (^\\ph - P|Il°°(/;L1(IR^;K)) + IIP^ ~ ^/iIIl°°(7;L1(IR^; 

div (V{ph) - V{p) - hDV{p){r)) 

< ^ {^Ph - P|Il°°(7';L1(M^;M)) + ~ II L°° (7';Li (K^^. 

• the property (V4) to get 



respectively 



div {rDV{p)(r)) 



< Ikllwi.ilkllLi 



Gathering all these estimates, denoting C = NWn{2N + 1)C, we obtain 

\\Ph — ^/i|Il°°(/;L1) 

< Te^'^ (TV {po + hro) + NWnCTP) K (\\ph - /o||loc(7;L1) + \\Ph - z/x|Il-(/;L1)) 

L°°(/;W1.1)II^IIl°°(/;L1) 



+h^KTe^'^\\r\ 



+ \(J+hs^^^\\r{t)\\^^\Te (^||p/i - p||loo(/;L1) + IIp/^ " ^/iIIl-{/;L1) j • 
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Then, dividing by h and introducing 



we obtain 

Ph - Zh 



KTe 



C'T 



TV (po) + hTy {ro) + NWnCTP + P + h\\r{t)\ 



h 



L°°(/;Li) 



iPh — P|Il°°(/;L1) 



Ph- p 


+ 

L°°(/;Li) 


Ph - Zh 




h 


h 


L°°(/;Li)_ 



Note that is a function that vanishes in T = and that depends also on po, and h. 
Hence, we can find T < T{h*) smaU enough such that Fh*{T) < 1/2. Furthermore, Fh[T) 
is increasing in h consequently, h < h* implies Fh(T) < Fh*(T). Noticing moreover that 

has a uniform bound M in /i by 2. in Theorem 12.21 we get for T <T 



ph-p 

h 



L°°{/;Li) 
Ph- P „ 



h 



L°°(/;Li) 



1 

2 

M 



Ph - Zh 



h 



L°°{/;Li) 



^ irWPh - /'I!l°°(7';L1) + '^lkllL°°(/,Wi>i)ll''llL°°(/;Li) • 



The right side above goes to when /i — > 0, so we have proved the Gateaux differentiability 
of the semigroup S for small time. Finally, we iterate like in the proof of Theorem 12.21 in 
order to have existence on the all interval [0,T(/i*)]. Let Ti be such that Fh*{Ti) = 1/2 
and assume Ti < T{h*). If we assume the Gateaux differentiability is proved until time 
Tn < T{h*), we make the same estimate on [Tn,Tn+i], T^+i being to determine. We get 

\\Ph - ^/i|lL°=([T„,r„+i];Li) 
< (r„+i - r„)e^'(^"+i-^") (TV (phiTn)) + NWNC{Tn+l - Tn)(3) 

{\\ph - PllL-'([r„,r„+i];Li) + \\Ph - ^/iIIl°°([T„,T„+i];L1)) 
+ h?K{Tn+l - T„)e^ (^"+1 ^"^|k|lL°o([r„,T„+i];Wi.i)lkllL°°([r„,T„+i];Li) 

+ (p + h sup \\r{t)\\^^ ) {Tn+i - rOe^'(^"+i-^") 



[\\Ph - PllL-'([r„,T„+i];Li) + \\Ph " llL°°([r„ ,T„+i];Li) ^ 

Then, we divide by h and we introduce, for T >Tn 

Fh,n(T) = K{T - r„)e^'(^-^") [(TV {po) + /i TV (r,))e^'^" + /3C'r„e^'^" 

+ W7vC(T - r„)/3 + /3 + /i sup ||r(t)| 

We define T^+i > T„ such that F/i^„(T„+i) = i. This is possible since „ vanishes in 
T = Tn and increases to infinity when T — > oo. Hence, as long as T^+i < T{h*), we get 



^ L°°([T„,T„+i];Li) 
+ 2hK{Tn+l - Tn)e^ ''^"+^ "^"^ lkllL°°([T„,T„+i],Wi.i) lkllL°°([T„,T„+i];Li) 
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The next question is to wonder if (T^) goes up to T{h*). We assume that it is not the 
case: then necessarily, Fh^n{Tn+i) "—^ 0, since Tn+i — — > 0. This is a contradiction to 

Fh,n{Tn+l) = 1/2. 

Consequently, r„ ^.zl^ qq ^nd the Gateaux differentiability is valid for all time t G 
[0, T(h*)]. Then, making h* goes to 0, we obtain that the differentiability is valid on in the 
interval [0, T{a, f3) [. 

It remains to check that the Gateaux derivative is a bounded linear operator, for t and 
Po fixed. The linearity is immediate. Additionally, due to the L-*- estimate on the solution 
r of the linearized equation ()1.2|) given by Proposition 12.91 we obtain 

\\DSt{po){ro)\\J^^ = \\r{t)\\^, < e^*"^"L-a;wi,i)gCt|[^^||^^ ^ 

so that the Gateaux derivative is bounded, at least for t <T < T^^. □ 



5.4 Proofs Related to Sections [3] and [4] 



Proof of Proposition \3.1l Note that v{p) is constant in x, hence divV{p) = 0, 
and (A) is satisfied. Besides, we easily obtain ||loo(ir.ir) = Oi ||^2^^(/^)|Ili(rr) ~ ^' 

ll^'^(^)|lLi{R;R) = Oand 

ll^(Pl) - V^(P2)||loc(k.k) < |h1lL-{R;R) li/'l - /'2|Ili{R;R) > 
-a^F(/)2)||Li(K;K) = 0, 

SO that (VI) is satisfied. Similarly, d'^V{p) = and d^V{p) = imply easily that (V2) 
and (V3) are satisfied. 

We consider now (V4): is v is then, for all A, B ^M., 

v{B) = v{A) + v'{A){B -A)+[ v" {sB + (1 - s)A) (1 - s){B - Af ds . 

Jo 

Choosing A = p{S_) d^ and B = p{^) d.^, we get 

{lo ^^^^ '^^) ~ {lo ^^^^ '^^) ~ {lo ^^^^ '^^) lo ~ '^^ 



< -\\v 



\P- P\\\^ 



1 IL,"I 



DV{p){r) = v' (/oV(OdC) Condition (V4) is 

then satisfied since there is no x-dependance, so 



and we choose K = ^\^v 



\V{p)-V{p)-DV{p){J>-p)\ 



W2.' 



\V{p)-V{p)-DV{p){p-p)\ 



< - v" 



\P-P\\-Li 
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Similarly, ||Dy(p)(r) 



I W2'°= 



\DV{p){r)\\ < \\v'L^\\r\\-^i. Finally, consider (V5): 



div 



V { m - V p{i) di^ - v' piO d^^ 



div L' (^'p(Odc) /'''(^)^^ 



LI 



0, 



0. 



Concluding the proof. 



□ 



Proof of Proposition U7J[ The proof exploits the standard properties of the convolution. 
Consider first (VI): 







L°° 




1 1 

Ir 


L- IIpIIl-II^^^IIli II^I 


L°° + 


1 1 1 1 L*^ 1 ^ x'^ 1 1 








< 


C(IIpIIloo), 










|VxF(/>)| 


LI 


< 


\\v 


lwi>°°IKIIwi>i(i + IIpIIl 


OG 1 ^ X 


'?IIlO 








LI 


< 


\\v 


|-VV2,oo 1 'V||-W"2,l 
















X 


l + ll/'llL-llV.r/ll^ + l 






+ 2||p||loc||V.??||li 








< 


C(IIpIIloo), 








\\Vipi) 


-V{P2)\\ 


L°° 


< 


h 


L°° II^IIl- II^IIl°° IIpi - 


- P2\\-Li , 




V. {V{pi) - 


- V{P2)) 


Li 




\\v 


■VV2,oo ||f| -^^1,00 ||??| -W"!,! 


'2+||V,.r?||Li IIpiIIloo) ||pi-P2|!li 



Then, we check (V2): 



VlVip) < 2\\v\ 



\y2,cx) II U\\-^2,o 



X 1 + 



.||V:.r/||2, + 



Li 



.||Vxr?|| 



Li 



Entirely analogous computations allow to prove also (V3). 

Consider (V4). First we look at the Frechet derivative of V{p): v being C"^, we can 
write, for all A,B €R, 

v{B) = v{A) + v'{A){B -A)+ r v"{sB + (1 - s)A){l - s){B - Af ds . 

Jo 



If we take A = p* r] and B = p * t], then we get, for />,/)€ L-*- 

1 



(^v (p * rj) — V {p * r]) — v' {p * rf) ((p — p) * ??)^ 
and 

{v{p*vi) -v{p*vi) - v' (p * 7]) {{p - p)*ri)^ 



pWl^Wv 



Li||(^|lLoo , 
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Il°° II'/IIwi>°° 



V 



"IIl- II^IIl- IIpIIl- II Vx-?/|Ili Hp - pIIli II^IIl- ; 

(v {p * ij) — V {p * r]) — v' {p * T]) ((/> — p) *'ri)^v 



< 



,(4) 



+2 

1 

+ 2 



|p-p|lLl|l'?llL-l|V:r??| 



2 



IIp-pIIliII^II 



=0 + IIpIIl°°) II^IIl°° 

+ IIp|Iloo) ||Vr?||Li|It7| 



+6 



(3) 



PllLihllL- (llpllL-hllw2,i + 1) ll^^llwi. 



pIIli II''/IIw2.°° II^IIw^.' 



Then, DV{p){r) = v'[p * r])r * r]v. 

In order to satisfy (V4), we have also to check that the derivative is a bounded operator 
from to L-*". We have, 



\\DV{p)ir)\\^, 
V,DV{p){r)\\^, 

VlDV{p)ir 



^ Ih'llL-ll^llL-ll^^llL-lkllLi > 



LOO 



— Il'^^ll W2.°° ll^ll Wi'°° ll'^llw^'* 

— Il^ll W3'°° ll^ll W2.°c ll'^^llw^'Oo 



(2 + 



X (4 + 5||p||Loo||r/||w2.i + l|p|lLoc||Vr/||2; 
Finally, we check that also (V5) is satisfied: 



fIIli 



div 



{V{p)-V{p)-DV{p){p-p)) 

II/5-pII^MliII^IIwi.°°II 



LI 



'-pIIliII^IIliII^IIwi.°°II^IIwi.°° (3 + IIpII: 



completing the proof. 



jdivW(p)(r)||j^, 
= ||div * r7)r * 

< |b||w2.oc||r/||wi.i||t^||wi>- (2 + IIpIIl-I|Vx?7|Ili 



^IIli 



□ 



Remark 5.4 The above proof shows that condition (B) is not satisfied by ^.10^ . Indeed, 
here we have that C grows linearly: C{a) = 1 + a. Hence, with the notation used in the 
proof of Theorem \2.4l for a\ > 0, we have 

■At 



t^^^ + (^k+l Ja, t {l + t)t 



{l + t)t 



and the latter expression is bounded. This shows that, in the case of Ii4-10{ ), the technique 
used in Theorem \2.4\ does not apply. 
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